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1.0 Introduction

Labor market has been a very active research subject in economics during the past two decades. Researchers have
devoted tremendous effort characterizing and modeling how firms and job seekers interact with each other in
labor market. In directed search models search frictions arise because workers cannot coordinate their job search
strategies. To increase the chance of attracting qualified workers firms often compete by publicly posting
contracts (Burdett and Mortensen, 1998; Acemoglu and Shimer, 1999a). As workers randomly search among
employers, an offer is assumed to be the realization of a random draw form the distribution of wage offers across
employers. In equilibrium better firms commit to offering higher wages (Moen, 1997) or reward worker skills in
different ways (Shi, 2001; Shimer, 2005). This yields constrained efficient outcomes (Hosios, 1990; Acemoglu and
Shimer, 1999b; Mortensen and Wright, 2002; Eeckhout and Kircher, 2010).1

A relatively new strand of research on labor market is to model job search as an auction mechanism. Shimer
(1999) is among the very first who propose job auctions as a theory of wage determination in frictional labor
markets. Workers apply at job openings by bidding in auctions, and firms hire the applicant offering it the most
profit. In equilibrium, the symmetric bidding function is strictly increasing in workers’ productivity. Firms always
hire the most productive applicant, but the threat of competition from less productive workers holds down the
winner’s wage demand. The equilibrium of the job auction model is always efficient, in contrast to the standard
search models.

* Financial support from the National Natural Science Foundation of China (#71101024) is acknowledged.
1 See Rogerson et al. (2005) for a survey of search-theoretic models of the labor market.
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Standard search and matching models, such as Pissarides (1990) and Blanchard and Diamond (1994), usually
model wage determination as a Nash bargaining process. They assume that the bargaining is between the
employed worker and the firm, which contrasts with the assumption in Shimer (1999) that unemployed
applicants and vacant firms bargain over wages. This modification in assumption ensures that the equilibrium of
the job auction model is always efficient, while the equilibrium of the Nash bargaining models is efficient only
under restrictive conditions. Moreover, firms always hire the most productive worker in the job auction model,
which is not always true in the bargaining models. Blanchard and Diamond (1994) find that firms may hire less
productive workers in preference to more productive ones in order to hold down the latter’s wage demand.

Julien et al. (2000) also present a competing-auction theory of the labor market, but the sequence of events and
the structure of auction are quite different from those in Shimer (1999). First, each candidate announces a reserve
wage to induce offers from employers (thus essentially applying to all firms). Employers then decide which
candidates to approach. Finally candidates auction their labor services to the highest bidder. The auction
mechanism generates equilibrium wage dispersion among homogeneous workers and constrained-efficient entry
of vacancies in large economies.

Job auctions yield the efficient market outcome. Kultti (1999) shows the equivalence of posted prices and auctions
in large markets despite that his model is not dedicated to the labor market. Julien et aZ (2000, 2005) and Shimer
(1999) prove the efficiency of second-price and first-price auctions, respectively. Each firm's productivity is public
information in all these studies.

In job auctions literature, Shimer (1999), Kultti (1999), and Julien et al (2000) consider models with
homogeneous firms. Julien et al. (2005) study small markets with heterogeneous firms, but they focus on the
condition under which a mixed-strategy equilibrium exists and the efficiency of ex post bidding of wages. Our
study contributes to the literature by introducing heterogeneous employers in the framework of Shimer (1999)
and examines the interaction between different types of firms and job seekers. In a model setup with two-sided
heterogeneity, the unique steady-state equilibrium is determined. The most engrossing result is that in
equilibrium there is separation among the H-type job seekers, i.e, those with high productivity. The most capable
ones separate themselves from other job applicants by applying only to the H-type (demanding) positions. The
reasonably capable (but not top) candidates pool with the low-productivity workers in the job market at L-type
vacancies. The condition of such separation is defined.

The remainder of this paper proceeds as following. Section 2 outlines the model, solves the equilibrium, and
discusses the implications of the results. Section 3 connects the finding of the model to the general competitive
auction theory in Peters (1997). Section 4 concludes.

2.0 An asymmetric job auction model

2.01 Setup

The basic setup in this paper is similar to Shimer (1999) but with key difference. In Shimer’s original model, all
the firms in the economy are identical, while only workers are different in their productivity. In this paper we
explore the subject under two-sided heterogeneity. Firms are divided into two groups: one group is called high-
tech firms (H-type), the other is called routine firms (L-type). High-tech firms recruit workers with high
productivity, while routine firms offer jobs that can be done by any worker.

The model setup is in a discrete time, infinite horizon context. During each period, unemployed workers randomly
arrive at vacant jobs. Each employer observes workers’ productivity and wage demand, and then hires at most
one applicant. The employed worker starts working the next period.

There are continua of risk-neutral workers and firms. All discount the future with a common factor é. Normalize
the measure of workers to 1. Workers are distinguished by their productivity x with cumulative distribution
function G(x) and density function g(x).

The measure of firms is denoted by M. Assume that a fraction A of the firms are high-tech firms, so the total high-
tech jobs are of measure AM . The other (1—A)M firms offer routine jobs. The productivity of a high-tech job

is y, = p(x) for x € (, 1],and y, =0 for x < &. A worker whose productivity is below the threshold level &
cannot create any positive output for high-tech firms.
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Denote workers with productivity x € (@, 1] as H-type workers, those with x < & as L-type workers. The

productivity of a routine jobis y, = g(x) for x € [0, 1], i.e, any worker can perform a routine job.

Assume that there is diminishing marginal product at each type of jobs. For workers who are capable of doing
both types of jobs, the output from the match with H-type jobs grows faster in worker’s type x than that from a

match with L-type jobs. These assumptions are characterized by p'(x) >0, p"(x) <0, 4'(x)>0,4"(x) <0
and p'(x)>¢'(x) forall x € (@, 1]. To simplify our analysis, we use special functional forms satisfying the above

conditions. From now on, let's assume ), = Ax for x € (&, 1] where 4>1and y, = x for x €[0, 1] .2

Each unemployed worker applies for one vacant job randomly. Suppose that through cheap talk3 or some common
knowledge, workers can distinguish high-tech job openings from routine ones. So by ‘randomly,” we mean
randomly arriving at one of the job openings of the desired type. This assumption further distinguishes our model
from the model in Shimer (1999) where unemployed workers search purely randomly, and associates our model
with directed search models.* Clearly, an L-type worker will never apply for an H-type job; an H-type worker may
apply for either type of job openings depending on the relative values to him. Since applications are independent
of history, some vacancies get many applications, while others get none. This is the well-known coordination
friction in the labor market.

Matches at high-tech firms are destroyed with probability 51, and matches at routine jobs are destroyed with

probability 52. Assume that both job destruction rates are exogenous and 52 > 51 . When a match is destroyed
the firm and the worker will return to the search market next period.

2.1.1 Firms

To construct the steady-state equilibrium, we first start with firms’ value functions. Let J IF be the expected value
of a high-tech firm with a filled job, JlV be that of a high-tech vacancy; let Jf be the expected value of a filled

routine job, JZV be that of a vacant routine job. When an applicant bids I1 (with the surplus going to the potential
employer) at each type of firms, the value functions are respectively,

JIAD) =11+66,-J] +6(1-35,)-J (1) @)

Jr(AD) =11+65,-J) +6(1-35,)-J1 (1) 2

Each firm’s expected value is the sum of this period’s profit, and the discounted value of the future value functions

depending on whether the job match is destructed at the end of the current period. Rearranging the above
equations, we get

14
JF (M) = I[1+69,-J, 3
1-6(1-35,)
i’
Jf(H):M (4
1-0(1-35,)

v
I[n-1-6)J, 50

1-6(1-9,)
Define j| = (1—86)J, .Soa high bid of IT will be accepted if IT > j/ .

A high-tech firm will hire a high bid of IT if J;" (IT)—J| =

Similarly, a routine job opening will hire a high bid of IT if [T > jJ = (1—8).J) . Note that j and j) are the
reserve prices of the two types of jobs at auction respectively.

2 This is a Cobb-Douglas production function with capital input normalized to 1 in both types of jobs.

3 Kim and Kircher (2011) show that the same efficient outcomes can be achieved when firms make cheap talk communications rather than
making firm commitment. Job seekers can gain sufficient valuable information through cheap talks.

4 As the name suggests, directed search means that unemployed workers direct their search efforts towards particular type of job vacancies.
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Hiring probability
The actual number of applications is a random variable following Poisson distribution. Given the firms’ value
functions, the hiring probability of a worker bidding IT is given by either B, (IT) or P, (I1) as

H, (11 11> )
eXp(_ 1 ( )) lf‘ Jl
FIT) = 4
0 otherwise
H, (1 if > )
exp(_ 2( )) f J2
Pz (H) = Vz
0 otherwise

Where H | (I1) is the total number of applications at H-type vacancies that bid at least I1; H, (IT) is the number

of applications at L-type vacancies that bid at least IT. V1 and V2 are the number of H-type and L-type vacancies
respectively.

It is important to note that job auctions are held anonymously, so the hiring probability of a worker bidding IT is
the same for all at each type of vacancies.

2.1.2 Workers

We now look at workers’ Bellman equations. In what follows, workers with productivity greater than « are
denoted with subscript H. Those with productivity less than « is denoted with subscript L.

Employed workers

An H-type worker being employed at an H-type job has value function J 5, where

J i (x,I1) = Ax =T1+ 05,J ;; (x) + (1= 8,)J 17, (x,IT) (5)
An H-type worker being employed at an L-type job has value function J 52 where
J 5y (x, 1) = x =1+ 605,J , (x) + 01 - 5,)J 1;, (x,TT) (6)
An L-type worker being employed at an L-type job has value function JLE , where
Ji (1) = x—T1+65,J; (x)+6(1—5,)J | (x,IT) (7)

Unemployed workers
An L-type worker that is unemployed has the value function of

J{ ()= 0max P, (1) - (1-8,)-Jf (5, T0) +[1= (D) (1= 6,)]-/} ®)

That is, he will choose an optimal bid to maximize the expected value of applying for an L-type job vacancy.
An H-type worker that is currently unemployed has the value of

JY(x) = Omax {mgx P(D)-(1=8)JE (x,IT)+[1- P(IT)-(1-5)}JL,
€)
max P,(IT) (1= 8,)J 5, (x, T +[1 = BT - (1= 6,)1/} }
That is, he will compare the expected values of applying to an L-type vacancy and an H-type vacancy, and apply to
the type that yields a higher expected value.
Define j; (x) = (1—6)J; (x).From the expressions of J; (x) and J; (x,I1), we can get
0(1-9,)
1-0(1-5,)
Define j (x) = (1—8)J} (x). From the expressions of J,, (x),J},(x,IT) and J.,(x,T1), we have the
following expression:

)= maX{%mgXE (M= 0), 2O ma (e~ (x)]} an

Ji ()= -max P, (ID[x —IT - j;' (x)] (10)
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2.02  Steady-state equilibrium

As in Shimer (1999), the steady-state equilibrium in this dynamic model is characterized by:
1. Workers make wage demands to maximize their expected wealth;

2. Firms hire the applicant who yields the highest profit I1 or no one if that is more profitable;
3. All distributions and prices are time-invariant.

Let I1,(x) and I1,(x) be the optimal solutions of the two maximization problems in (11). We substitute
K(IT,(x)) for the first term in the curly brackets, Z(I1,(x)) for the second term. Then we can express the
above Bellman equations as

For x € [0,a], j¥ (x) = Z(I1,(x)).

For x € (@, 1], j7(x) = max {K(I1,(x)), Z(I1,(x))}.
It is reasonable at the current stage to form the conjecture that, after some cutoff value X € (o, 1),

K(IT,(x))> Z(I1,(x)), ie, the expected payoff from applying at an H-type vacancy is strictly greater than that

from applying at an L-type vacancy. Hence, workers with productivity less than x will apply for L-type jobs, and
workers with productivity greater than X apply for H-type jobs. Even though H-type workers are capable of doing
both jobs, they diverge into two groups. The most capable ones separate themselves from other job applicants by
applying only to the H-type (demanding) positions. The reasonably capable (but not top) candidates pool with
the low-productivity workers in the job market at L-type vacancies. In each group the value functions are
continuous in workers’ productivity.

The following result gives the sufficient conditions under which the cutoff value X exists.

Proposition 1. There exists a cutoff value X between a and one, if the hiring probability is weakly higher at the H-
type than at the L-type vacancies under optimal bidding strategies, and j v (x) £1. Workers whose productivity
is higher than X will only apply to H-type job vacancies.

Proof: see Appendix.

The condition that the hiring probability for a highly productive worker is higher at an H-type job is consistent
with previous research in search and matching models. Shimer (2005) studies the assignment of heterogeneous
workers to heterogeneous jobs. He finds that a more productive worker is more likely to match with a high-
productivity firm than with a low-productivity firm, compared to a less productive worker. There exists a positive
correlation between the worker’s type and the employer’s type.

Corollary 1 follows indicating that the cutoff value X is between a and one.

Corollary 1. For workers with productivity X and higher, the expected wage in an H-type job offer is strictly higher
than that in an L-type job offer.

Proof: see Appendix.

What if K(IT,(x))—Z(I1,(x)) is not a monotonic function of x and the cutoff value does not exist? Then all H-

type workers will apply to either type of job openings, while L-type workers will still apply to routine jobs. This
situation reverses the setup in Peters (2005), where applicants only apply to job openings of quality equal to or
higher than their own.

Given that a cutoff value exists in the distribution of x, we can then apply the methods in Shimer (1999) to
construct the steady-state equilibrium.

Proposition 2. The unique steady-state equilibrium is determined by Vl, V2 , Ql, Q2 , ] ; and X, WbereV1 and

V2 are the number of job vacancies at each type of firms, Q1 and Q2 are the corresponding queue length, j ; is
the value of a vacant L-type job, and X is the cutoff value in labor productivity that divides the pool of applicants.

Proof: see Appendix.
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2.03  Discussions and implication of results

Job auction models, belonging to “competitive search” models, internalize the determination of the share of
surplus, and endogenously generate incentives for efficient division of the matching surplus. Bargaining models,
in contrast, yield efficient outcomes only when the Hosios conditionholds, i.e, the worker’s share of the surplus
must be equal to the elasticity of the employer’s contact rate with respect to queue length.

The model in this paper makes several predictions about the interaction among workers in a labor market where
unemployment and job vacancies coexist. First, an increase in the cutoff value that separates the most productive
workers from the rest of the unemployed will reduce the competition at the H-type vacancies, which will result in
lower bids and thus higher wage demands at H-type jobs in equilibrium. Meanwhile, the pool of applicants at the
L-type job vacancies becomes larger, creating more pressure on these job seekers to make higher bids and thus
accept lower wages.

Second, the equilibrium bid depends on the queue length at a vacancy. In the efficient outcome of job auction
models, a more productive applicant is always hired in preference to less productive ones, because the subsequent
match will generate higher output for the firm. Therefore, it is the less productive applicants that make their bids
more aggressively to increase the chance of winning the job auction.

Finally, when the unemployment rate of more productive workers rises, the expected value of applying at an H-
type job vacancy declines and L-type jobs become relatively more attractive. The queue length at L-type job
vacancies will increase, and as a result, the unemployment rate of less productive workers will rise. This ripple
effect originates from a few job sectors and gradually spreads over the entire labor market.

3.0 Auction in a Frictional Labor Market

In auction theories McAfee (1993) studies a dynamic model with many sellers and many buyers. Equilibrium is
found where sellers hold identical auctions and buyers randomize over the sellers they visit. Auctions alter the
distribution of buyer types by removing high value buyers more rapidly than low value buyers. Sellers in
equilibrium post an efficient reserve price equal to the seller’s value of the good, and an auction with an efficient
reserve price is the optimal mechanism from the sellers’ point of view.

Peters (1997) generalizes McAfee’s results in two ways. First, McAfee assumes that sellers in the finite version of
the model ignore the externalities that their deviations create when choosing among the mechanisms. This
assumption is relaxed in Peters (1997). Second, McAfee assumes that sellers are identical, while Peters (1997)
allows for cost asymmetry. The essential assumption in Peters’ model is that the support of the distribution of
seller valuations is contained in the support of the distribution of buyer valuations.

The central result of Peters (1997) is that there is an equilibrium when sellers compete in direct mechanisms
where all sellers offer buyers second price sealed-bid auction with reservation prices equal to their costs. The
result may have a Bertrand flavor at the first glance. However, sellers continue to earn positive profits in
equilibrium from buyers who submit bids above their costs. In the limit game, no matter what mechanism is
offered by a deviating seller, the induced distribution of reserve prices converges weakly to the same distribution.
Furthermore, the deviating seller’s payoff is bounded above by the payoff associated with holding an auction with
reserve price equal to the seller’s cost.

Peters’ theory of competitive auctions can be applied to job markets. In job auctions such as our model, each firm
holds an auction to recruit workers, which is essentially a mechanism of competitive auction. Two types of firms
have distinctive costs, i.e, reserve prices at the auctions. Here firms with vacancy are the sellers. Job applicants
are the buyers who bid in the auction on how much they can offer to the firm.

Applying Peters’ theory to the context of our model, suppose that sellers’ cost can take only one of two values, ]IV

and j,, j| >j) . A fraction A of all sellers, the high-tech firms, have the cost j, . Then in the equilibrium

distribution of auctions, the proportion A of all sellers will set reserve price ]IV, and attract buyers whose
evaluation exceeds the solution yto the equation

Rl exp| 1 (9= -G |as

eXID[M(l - G(y))}

y/l]
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where M is the measure of firms, G(-) is the CDF of buyers’ evaluation of the object. The other 1—A sellers

(regular firms) will set reserve price ];, and attract all buyers whose evaluation exceeds ]; . Therefore, in

equilibrium workers with very high productivity only apply to H-type job vacancies, and other job seekers apply
to the L-type vacancies.

4.0 Conclusion

In this paper we investigate a labor market with an auction framework. Workers with heterogeneous productivity
apply to two types of job vacancies, by bidding the profits that they can offer the firm. In the steady state
equilibrium, the most capable workers separate themselves from others by only bidding at jobs requiring high
skills, while applicants in the middle of the distribution of productivity will pool with the low-productivity
workers and apply for jobs requiring low skills.

As policy implications, the results of this paper suggest that high-end job market sectors would impact the entire
labor market. When the knowledge-based and innovation-driven sectors are well established and active in an
economy, highly-qualified and well-educated workers will find appropriate positions that fit their skill sets. Such
match would also promote employment in other sectors of the labor market. On the other hand, if the high-end
labor market encounters challenges, the ripple effect will spread over the entire market, causing widespread
rising unemployment and waste of human capital. This implication is consistent with the popular economic
strategy that promotes the development of knowledge-based economic sectors that can export positive effect to
other sectors.

Another implication of the results in this paper is that governments should coordinate their policies and strategies
on industry development and education. Advanced education (especially at post graduate level) often produces
productive workers for specialized economic sectors. These workers can make significant contributions to the
economy when healthy economic sectors exist that match their skill sets. Mismatch between governments’
strategies on eduction and industry development would not only waste human capital and financial resources but
also cause structural challenges in labor market.

There are a couple of extensions that may be worthwhile to explore. It would be interesting to add ‘on the job
search’ to this job auction model so that the job destruction rate is endogenous, which will capture more factual
observations on the job market.

There is no explicit role for capital in our model, which separates our paper from some literature. For example,
Montgomery (1991) finds that the probability of filling a vacancy is an increasing function of the wage offered,
therefore in equilibrium, firms that find vacancies more costly (such as having higher capital-labor ratio or having
more market power) will offer higher wages. In a model where firms need to invest in capital before posting a
vacancy, Jansen (2010) shows that the equilibrium is efficient with directed search if job applicants can condition
their application decision on firm’s investment level; however, with random search there is underinvestment in
capital (or hold-up problem). The idea that it is more costly to hold an H-type vacancy, in our model, is captured
by a higher expected value function for the H-type vacancy, due to higher output if match is formed, and the lower
destruction rate for H-type jobs. As future research it would be of interest to explore the effect of including capital
in the production function.

Appendix

Proof of Proposition 1.
Denote R(x) = K(I1,(x))—Z(I1,(x)). Applying Envelope Theorem,
0(1-9)) U 0(1-9,) U
R'(x)=——1—-P(I1 [A- -———2 _P(II -[1—-
()= gt oy AL L= W)= 5 P P ) - (o)
Under the assumption that 4 >1,

RG>V 0] 242 prp,y-_20=0)

— —PZ(HZ)}
1-6(1-5)) 1-0(1-5,)
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6(1-9,) N 6(1-9,)
1-601-0,) 1-6(1-0,)
but not necessary to satisfy the conditions j (x)<1 and B(IT,(x))> P,(I,(x)) for x € (a, 1]. Such

conditions being met, R(x) is monotonically increasing in x for x € (&, 1]. QED

We know that , < 0, , therefore .Inorder for R'(x) > 0, itis sufficient

Proof of Corollary 1.
Atx, R(X)=0 ie K(I1,(x))=Z(1,(x)),or
L RO T )~ @1 = T
6(1-9,) . 0(1-0,)
1-6(1-6,) 1-0(1-6,)
X € (a, 1) requires Ax —1IT,(x) < X —I1,(x), which is obviously W,(x) < W,(Xx).QED

Pz (1_[2)[7z _Hz()_c)_jU()_c)]

Since and B (I1,(x))= P (I1,(x)) for x € (a, 1], the cutoff value

Proof of Proposition 2.

Recall that P, (I1(x)) = exp(—Q, (x)), where Q,(x)= VL-J.qu (¥)dy is the queue length or the
2

expected number of applicants at an L-type job opening. For ]2V < X < X, the total number of successful matches
equals the total number of destroyed jobs at the steady-state equilibrium, 7e.

(1=6,)exp(=0, (x))-u, (x) = 6,(g(x) —u, (x)) (AD

Since O, (x) =—u, (x)/V,, equation (A.1) can be rewritten as a first-order differential equation of x,
d

—020-6)exp(-0,(x)) = 81,0, (0] = ,8(x) (42)

Solving (A.2), we get

(1= 8,) exp(—0, ()~ 8,V,0, (x) = 5,G(x)+k (»3)

At x =X, O,(x) =0. Use this terminal condition to find

k=V,(1-6,)-6,G(x)

Substitute kback into (A.3),

(1=6,)V;[1-exp(=0, (x)]= 6,[G(X) = G(x) =V, 0, (x)] (A4)

An L-type job vacancy gets a worker with probability 1—(1—1/V,)". By taking the limit of this
expression as V,and H, go to infinity while O, = H, /V, remains fixed, we find that in a large market the

fraction 1 —exp(—Q,) of L-type vacancies get a worker.

In steady state, the flow into the L-type firms equals the job destruction at those firms.
Similarly, for x < x <1,

(=6 [1-exp(=0Q, (x)]= 6,[1- G(x) -V 0, (x)] (A5)
Therefore, the total employment at L-type firms (or the number of filled L-type jobs) is given by

t t (1-6,)exp(—=0, (x
3 36, +(1=8,)exp(—0, (1))
Total employment at H-type firms is
1 1
1-9,)exp(—0, (x
I(g(x)_uH(x))dx:j ( 1) p( Ql( ))

. )6, +(1-5,)exp(~0, (x))
We then express the value of unemployment in terms of queue length and reserve prices. Recall that
0(1-9,)
1-6(1-9,)

By Envelope Theorem,

(x) dx (A.6)

g(x)dx (A7)

Ji ()= -max P, (ID[x —IT - j;' (x)]
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0(1-0,)
1-6(1-0,)
Hence, forj; <x<X,

(-8 -exp(-0, (X))
JE ) a5 ) - exp(~0, (9] e

Integrate the above equation from ]2V to x, we get

() = j‘ 6(1-9,)-exp(=0,(»))
s 005, - exp(-0, ()]
Similarly, for X <x <1,

o b AB1-8)-exp(-0,(»)
0= 50 o imewt-0,0m1” (10

i ()= B (I, ()= /i, (%)]

dy (A.9)

To close the model, we finally calculate the value of a vacant L-type job
Jji =0(1-3,) I (/5 (I, (x) = J3 ) exp(=0, ())(-Q, " (x)) dx (A11)
4

where JJ (I1,(x))—J, is the net value gained from a filled vacancy, exp(—Q, (x))(—Q, (x)) is the density of the
most productive applicant. Substitute in J f and J. ,
]2V — 0(1_52)I 1_(1+Q2 (X))eXp(_Qz (x)) dx
J1-00-6,)(1—exp(—0(x))

In the unique steady-state equilibrium, the number of job vacancies V, and V,, the respective queue

(A12)

lengths Q1 and Q2 , the value or reserve price of a vacant L-type job ]ZV , and the cutoff value in the distribution

of labor productivity, X, are jointly determined by equations (A.4), (A.5), (A.6), (A.7), (A.9), (A.10), and (A.12).
QED
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